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Improved Fluid Perturbation Theory: Equation of state for Fluid Xenon
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The traditional fluid perturbation theory is improved by taking electronic excitations and ioniza-
tions into account, in the framework of average ion spheres. It is applied to calculate the equation
of state for fluid Xenon, which turns out in good agreement with the available shock data.
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I. INTRODUCTION
The interest in the equation of state (EOS) is stim-
ulated by the applications in, e.g., internal confinement
fusion research and in astrophysics [1, 2]. Noble gases are
intensively studied due to their simple electronic struc-
ture as closed shell systems [3–13]. For the supercritical
fluid with the electronic ground state, the thermodynam-
ical property can be well described by the fluid pertur-
bation theory [14–17]. As the temperature or the den-
sity rises, electronic excitations and ionizations will take
place. For low Z elements such as hydrogen and helium,
this region can be well described by the chemical model,
regarding the system as an interacting and reacting mix-
ture of molecules, atoms, ionic species and free electrons
[11, 12]. Since there is no exact formula for the Coulomb
energy of the partially ionized mixture, the Padé inter-
polation formula for the fully ionized mixture are usually
applied, which essentially employs the approximation of
ions with bound electrons by point-like particles with the
same net charge [18]. However, for high Z element Xenon,
the sizes of Xe+ and Xe++ are so large that the point-like
approximation becomes seriously unreasonable and thus
may bring errors of very big uncertainty.
In this paper, we have carried out a study of the EOS
of supercritical fluid Xenon, based on the hard sphere
variational formulation of the fluid perturbation theory
(FVT). It is found that the 300K pressure curve is in
good agreement with the experimental data up to 9.5
g/cc, but the principal Hugoniot pressure curve diverges
from the shock data very quickly as the density increases
up to 5.6 g/cc. The FVT method is improved by taking
electronic excitations and ionizations into account, in the
framework of average ion spheres, and is shown to work
well in comparison with the shock compression data [19–
21].
The rest of the paper is organized as follows. In Sec.
II, the models are described. In Sec. III, the results are
shown. Finally, summary and outlook is given.
II. MODEL SETUP
This section describes the models and proceeds in two
steps. First, the FVT model is presented. Then, the FVT
model is improved by taking electronic excitations and
ionizations into account, using the theory of ionization
equilibrium in the framework of average ion spheres.
A. FVT
In the FVT model, the thermodynamical system is de-
fined by the Helmholtz free energy function written as
F (N, V, T ) = Fid + Fconf, (1)
where Fid, Fconf represent contributions due to the trans-
lational kinetic energy and the intermolecular potential
energy, respectively.
The kinetic term is given by the Maxwell-Boltzmann
statistics for the molecules,
Fid = NkBT
[
ln
(
nΛ3
)− 1] , (2)
with the Boltzmann constant kB , the temperature T , the
number density n, and the thermal de Broglie wavelength
Λ =
√
2π~2/mkBT .
The configurational term Fconf is obtained by the fluid
perturbation theory which treats the strongly repulsive
part of the inter-atomic potential within the hard sphere
model and the weak attractive part as a perturbation.
The interactions among Xenon atoms are described by
an effective pair potential of the exp-6 form, which has
been successfully applied to describe the EOS of many
materials over a wide range of densities and tempera-
tures. With the short repulsion approximated by a hard
sphere, we can perturbatively expand the free energy of
the system around the hard sphere system to the first
order, FHS + 〈Φ− ΦHS〉HS, where FHS is the Carnahan-
Starling hard sphere free energy function [22],
FHS =
4η − 3η2
(1− η)2 NkBT, (3)
2ε/kB(K) α ra(Å) W (Å) A/kB(eV) B(Å−1)
SW 235.0 13.0 4.47 − − −
Fried-228 243.1 13.0 4.37 1.284 1625.5 2.071
FB 246.0 12.5 4.43 1.370 633.8 1.680
Table I: Parameters for the Xenon pair potential of the exp-6
form. The "SW" potential is determined by the liquid argon
shock wave data using the corresponding states theory [26]
and has been used in Ref.[27]. The "Fried-228" potential has
been used in Refs.[10, 11]. The "FB" potential is fitted by
the high-energy atomic-beam scattering data [27].
and the perturbative part is written as
〈Φ− ΦHS〉HS =
2πN2
V
ˆ ∞
d0
gHS(r, η)Φ(r)r
2dr, (4)
with the pair distribution function of hard spheres
gHS(r, η) given by the analytical expression derived from
the PercusšCYevick approximation [23] and the molecu-
lar potential Φ(r) given by
Φ(r) =
{
ε
α−6
[
6 exp
(
α(1 − rra )
)
− α ( rar )6] , r ≥W
A exp(−Br) , r ≤W
(5)
Following the GibbsšCBogoliubov inequality [24],
Fconf ≤ FHS + 〈Φ− ΦHS〉HS (6)
the free energy Fconf is determined by minimizing the
right-hand-side with respect to the packing fraction η =
πd30N/6V with d0 the hard sphere diameter.
The fluid perturbation theory developed by the refer-
ence system of the inverse 12th-power potential [16] is
formally identical to the original hard sphere variational
formulation described above, except for the additional
term given by
F12(η) = −
(
η4/2 + η2 + η/2
)
. (7)
Consequently, the free energy Fconf is determined by min-
imizing the inequality
Fconf ≤ FHS + F12(η) + 〈Φ− ΦHS〉HS (8)
with respect to the packing fraction.
The thermodynamical quantities such as pressure, in-
ternal energy, and entropy can be obtained by taking the
appropriate derivatives of the total free energy. With the
help of the Hugoniot relation
EH = E0 +
1
2
(PH + P0)(V0 − VH) (9)
the EOS defines the Hugoniot state, which provides a
way to check the accuracy of EOS when compared with
the experimental Hugoniot state.
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Figure 1: (Color online) The Xenon pair potentials as a func-
tion of the interatomic separation. "Beam" is derived from
the high-energy atomic-beam scattering data [27]. "SW",
"Fried-228" and "FB" are plotted by the exp-6 functions with
the parameters given in Table I.
B. IFVT
For the system of a finite temperature and a finite den-
sity, its Helmholtz free energy can be decomposed into
three parts - the cold part, the ionic thermal part and the
electronic thermal part. In the FVT model, the electronic
thermal part is not considered, which includes electronic
excitations and ionizations. In the average ion sphere
approximation, the fluid perturbation theory is applied
to describe the interaction between neutral ion spheres,
and the electronic excitations and ionizations can be de-
scribed using the theory of ionization equilibrium in the
average ion spheres [25]. The FVT model improved in
the framework of average ion spheres will be referred to
as IFVT hereafter.
In the IFVT model, the total Helmholtz free energy
can be divided into two parts,
F = (Fid + Fconf ) + Fex, (10)
in which the first part (Fid + Fconf ) is the same as that
of the FVT model, with Φ(r) interpreted as the effective
pair potential between neutral ion spheres, and the sec-
ond part Fex is contributed by electronic excitations and
ionizations in the average ion sphere.
The total energy inside the ion sphere with z free elec-
trons can be decomposed into three parts
ǫtot(z) = ǫbound(z) + ǫfree(z) + ǫb-f(z). (11)
Here, ǫbound is the energy of bound electrons and given
by
ǫbound(z) = ǫz,0 + εz,α, (12)
where ǫz,0 is the ground state energy for an isolated free
ion of charge z, and εz,α is the excited state energy rela-
tive to the ground state. ǫfree is the kinetic energy of free
3electrons, and ǫb-f is the interaction energy between the
bound and free electrons. In the mean field theory, ǫb-f
can be treated as a shift in the ion energy (continuum
lowering) so that it need not be considered explicitly.
The partition function for an average ion sphere can
be obtained by summing over all configurations of the
electrons inside the ion sphere. First we sum over all the
free electron states for a particular configuration of the
bound electrons. In the ion sphere of the zth ionization
stage, the kinetic free energy of free electrons obeying
Fermi-Dirac statistics is given by
F0(z) = zkBT
(
ξ − 2
3
I3/2(ξ)
I1/2(ξ)
)
, (13)
where the Fermi integrals are defined by
Iν(ξ) ≡
ˆ ∞
0
dx
xν
ex−ξ − 1 , (ν = 1/2, 3/2) (14)
and the electronic chemical potential ξ ≡ µide /kBT is
determined by
I1/2(ξ) =
√
π
4
zN
V
λ3e, (15)
with the electronic wavelength λe =
h√
2πmekBT
. Next we
sum over all stages of ionization and all bound state con-
figurations. Finally, the partition function of the average
ion sphere is obtained as
Zex =
∑
z
∑
α
gz,αe
−(ǫz,0+εz,α+F0(z))/kBT , (16)
where gz,α and ǫz,0 + εz,α are the statistical weights and
the energy levels of the ions. The second part of the total
free energy is then given by
Fex = −NkBT lnZex. (17)
III. RESULTS
This section demonstrates the results calculated by the
FVT model and the IFVT model.
A. FVT
In the FVT model, the system is characterized by the
inter-atomic pair potential, which should thus be deter-
mined properly. The xenon pair potentials of the exp-6
form available in the literature are plotted in Fig.1. The
"SW" potential, which is determined by the liquid argon
shock wave data using the corresponding states theory
[26], has been used in Ref.[27]. The "Fried-228" poten-
tial has been used in Refs.[10, 11]. The "Beam" poten-
tial, which is derived from the high-energy atomic-beam
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Figure 2: (Color online) The pressure-density relation of
xenon at the room temperature. The results calculated by
the FVT model using the pair potentials of "SW", "Fried-
228" and "FB" respectively are compared. The DFT (density-
functional theory) calculation [9] is also shown, together with
the experimental results [28–30].
scattering data [27], has not been used, because it is not
in the form of an analytical function. We have fitted
the "Beam" potential by the function of the exp-6 form,
which is named as "FB". The parameters of the "FB"
potential, the "SW" potential and the "Fried-228" po-
tential are listed in Table I.
The 300 K pressure-density relation of xenon is cal-
culated by the FVT model using the pair potentials of
"SW", "Fried-228" and "FB" respectively. As shown in
Fig.2, the FVT calculations are in reasonable agreement
with the DFT calculation [9] and the experimental data
[28–30]. At high densities, the results of the "SW" po-
tential and the "Fried-228" potential are higher than the
experimental data [30], whereas the result of the "FB"
potential, which is fitted by the "Beam" data, is in better
agreement with the experimental data [30].
The principal Hugoniot data of xenon is also calculated
by the FVT model using the pair potentials of "SW",
"Fried-228" and "FB" respectively. As shown in Fig.3,
the pressure and the temperature begin to deviate from
the experimental shock data very quickly when the den-
sity increases up to 5.6 g/cc.
B. IFVT
In the IFVT model, electronic excitations and ioniza-
tions are taken into account, which can absorb part of the
energy imparted to the system by shock waves and thus
keep the temperature and the thermal pressure down.
Therefore, when electronic excitations and ionizations
come into play, the Hugoniot curve of IFVT will bend
over in comparison with that of FVT. As shown in Fig.3,
the Hugoniot curve of IFVT begins to bend over from the
point of about (5.6 g/cc, 6000 K, 20 GPa), and achieves
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Figure 3: (Color online) The Hugoniot data of fluid xenon with the initial shock condition (165 K, 2.965 g/cc). The results
calculated by the FVT model (short dash lines) and the IFVT model (solid lines) using the pair potentials of "SW" (blue),
"Fried-228" (green) and "FB" (red) respectively are compared. The SFVT chemical model calculation [10] and the APW-Slater
calculation [27] are also shown, together with the experimental shock data [19–21].
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Figure 4: (Color online) The Hugoniot data of fluid xenon with the initial shock condition (298 K, 2.191 g/cc). The results
calculated by the IFVT model (solid lines) using the pair potentials of "SW" (blue), "Fried-228" (green) and "FB" (red)
respectively are compared with the experimental shock data [31].
good agreement with the available shock data [19–21].
There are also other theoretical results shown in Fig.3.
In the APW-Slater calculations [27], electronic transi-
tions from 5p-like core states to 6s-like and 5d-like con-
duction bands are treated using semiconductor statistics
based on the augmented-plane-wave (APW) electron-
band-theory. It is shown that the APW-Slater Hugoniot
data is slightly higher than the shock data [19–21]. In
the SFVT model [10], electronic excitations and ioniza-
tions are taken into account in the chemical picture. It
is shown that in the range 8 ∼ 9 g/cc the SFVT temper-
ature is in good agreement with the shock data, and the
SFVT pressure is lower than the shock data.
In Fig.4 the IFVT model is further compared with the
experimental shock data of Zheng et al. [31]. It is shown
that the Hugoniot pressure of IFVT is in good agreement
with the experimental data, and the Hugoniot tempera-
ture of IFVT is lower than the experimental data.
IV. SUMMARY AND OUTLOOK
We have carried out an EOS study of fluid Xenon
based on the fluid perturbation theory. It is demon-
strated that the FVT model can be greatly improved
by taking electronic excitations and ionizations into ac-
5count in the framework of average ion spheres. Using the
improved FVT model (IFVT), the EOS of fluid Xenon is
calculated and achieves good agreement with the avail-
able shock data.
Note that the IFVT model uses the energy levels of
isolated ions, which is a good approximation when elec-
tronic excitations and ionizations are weak enough. An
accurate calculation of the energy levels consistent with
electronic excitations and ionizations will make the model
more general.
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